The power radiated by a moving charge is given by Larmor's formula which can be derived by integrating the Liénard-Wiechert potential over the whole past history of the charge. However, extracting the same result from the Lorent-Abraham-Dirac (LAD) equation of motion is problematic. This is well known for uniform proper acceleration for which case the radiation force vanishes and hence the very origin of the radiated energy is not clear, leading to an energy balance paradox. The purpose of this letter is first to evince that this problem occurs in the general case and not only for uniform acceleration. Second we show that the widely accepted treatment based on the bound field technique cannot fix the energy balance discrepancy. Indeed the related Schott term is not a legitimate four-momentum for being indefinite and not conserved. Introduction. The Lorentz-Abraham-Dirac (LAD) equation is known to suffer from two pathologies [1] [2] [3] . First, self-acceleration (or runaway) is due to unstable and divergent solutions, a free charge can spontaneously start accelerating and emitting radiation in an exponential rate. Second, there is the pre-acceleration behaviour for the acceleration always precedes the external force acting on the charge, leading to causality violation. These pathologies exhibit typical time scales so small (≈ 10 −23 s for an electron) that were long considered harmless for all practical purposes. However the recent advances in ultra-intense laser technology [4, 5] and related sophisticated numerical simulations have renewed interest in the field [6] [7] [8] .
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The LAD equation is furthermore plagued by less severe problems usually called ambiguities. These are related to time-reversibility [9] [10] [11] [12] , a possible conflict with the Equivalence Principle [13, 14] , infinite mass, etc.. In particular there is an energy balance paradox in the case of a uniformly accelerated charge for it does not seem possible to reach Larmor's formula from the LAD equation [15] [16] [17] . The aim of this letter is twofold: on the one hand we reveal that the same discrepancy appears for arbitrary acceleration and on the other hand we show that the widely used Teitelboim and Schott interpretations [18] [19] [20] [21] [22] [23] [24] , related to the so-called bound field, are ill defined and do not allow to fix the energy balance paradox even in the uniform acceleration case.
The amount of radiated energy per unit time of an accelerated charge is given by Larmor's formula,
where = 2 k e 2 3mc 3 is a small time parameter and e and m being the electric charge and mass, respectively. The covariant four-acceleration readsz µ , where the charge coordinates z µ (τ ) are functions of the proper time τ and the over dot stands for time derivative. * sofiane@cbpf.br; helayel@cbpf.br To account for the lost energy, the charge is assumed to experience a damping reaction due to its own radiation. This results in the LAD equation of motion,
where F µ ext is an exterior force orthogonal toż µ , and
stands for the radiation damping force. The first term is the Schott vector and the second is hereafter called the Larmor term. Note that unless otherwise indicated a vector means a Lorentz four-vector and that c is kept for clarity when taking the non-relativistic limit.
Dirac's choice. The case of uniform (proper) acceleration is surprising. Instead of leading to simpler results, as one would expect, it yields more difficulties [15, 16] . Uniform acceleration in the charge's rest frame is covariantly defined by ... [25, 26] . In addition, this might give rise to a conflict with the Equivalence Principle which locally equates uniform acceleration and a homogeneous gravitational field. A free charge on Earth would emit energy forever and this does not seem to happen. An intense work has been devoted to this problem, see [27] and references therein. The accepted resolution to this conflict, due to Boulware, asserts that a uniformly accelerated charge does radiate, but such radiation cannot be detected by a comoving observer for falling outside her future cone [28] .
mula from the LAD equation. This is well known and usually called the energy balance paradox. In what follows we evince that this difficulty holds in general, that is for arbitrary motion when the radiation force does not necessarily vanish.
In the standard treatment of classical electrodynamics, Larmor's formula (1) is derived from the Liénard-Wiechert potential. The latter integrates the fields using the retarded Green function over the whole past history of the charge. In other words the Larmor's formula gives a globally defined four-momentum. On the same time one might ask how to reach the same result through the equation of motion, that is locally.
The usual way of getting an energy out of a fourforce is to consider its zeroth component. However
is clearly different from the radiated energy (1) because ... z 0 = 0 for non vanishing three-acceleration. Another way can be inferred from non-relativistic mechanics and consists in projecting the force on the velocity vector. However, due to the identity, ...
Therefore the power of the radiation force is exactly vanishing when the radiated power is not (1).
To remedy this discrepancy, following Dirac, the contribution of the Schott term is usually eliminated from the radiated power expression. Dirac argued that for being a total derivative, the Schott term, ... z µ , is timereversible and is therefore not propagating.
Notwithstanding, this argument is not valid because total derivation does not imply time-reversibility. The velocityż µ and accelerationz µ , for instance, are both total derivatives while the former is irreversible and the latter reversible. In addition, for being an odd derivative of the position, the Schott term, ... z µ , is in fact time-irreversible, as is the velocity vector, for example. Finally, writing the Larmor term under the formz 2żµ = − ... z .żż µ , allows to confer that the two terms of the radiation force (3) are equally time-irreversible. That is, time-reversibility or not seems irrelevant in trying to attain Larmor's formula from the LAD equation.
Yet, even if we take on Dirac's argument for a moment, on his authority, we will face another problem in the nonrelativistic limit (c → ∞). Indeed, the Larmor term of the radiation force vanishes in this limit . Hence the radiation force reduces to the spatial component of the Schott term and the LAD equation takes the form,
Accordingly, Dirac's recipe does not make sense in the non-relativistic limit. Note however that for the only cyclic configurations (like rotations and oscillations which exhibit the identityȧ.v =− → a . − → v = − − → a 2 ) it is possible to recover the non-relativistic Larmor's formula but through the Schott term,Ė rad = −m ȧ.v = m a 2 . Another illuminating example is the uniform acceleration motion in the laboratory frame 2 . This corresponds to set− → a = 0 after expanding the LAD equation throughż
→ a ) and so on, γ being the Lorentz boost factor. In this case the LAD equation (2) reduces to
The work done against the radiation force reads 3 m γ 6 a 2 v 2 /c 2 which is obviously different from the power given by Larmor's formula,Ė rad = m γ 6 a 2 . In the non-relativistic limit the radiation force vanishes and one recovers the usual paradox of the uniform proper acceleration.
Consequently Dirac's choice does not seem to be well justified and one is left without knowing how to relate the radiated energy to the work done against the radiation reaction force.
Acceleration energy. The energy balance paradox appearing in the uniform acceleration case was revealed by Schott who was also the first to try to fix it [29] . To do so he claimed that the term that now bears his name, m ... z µ , in the radiation force (3) should be considered as part of the charge and not of the propagating light. For this he promoted m z µ to what he called the acceleration momentum which was then included in the definition of the mechanical momentum of the charge
The time variation of which is equated to the external force less the radiated momentum,
which is nothing but the LAD equation (2) . Hence, in Schott's model the energy radiated is partly (resp. fully) sourced by the acceleration energy of the charge for arbitrary (resp. uniform) acceleration. The problem with Schott statement is double. First, the momentum defined by (6) is indefinite and is therefore not necessarily positive as it should.
Indeed, 2 Note that this is different from uniform proper acceleration. Indeed the proper acceleration is related to the laboratory acceleration through −z 2 = − → a 2 proper = γ 6 (a.v 2 + γ −2− → a 2 ) = γ 6 − → a 2 , the last identity holds for linear motion, note that here − → a = − → a lab . So because of the Lorentz boost factor the proper and the laboratory accelerations cannot be both uniform at the same time. 3 To our best knowledge this equation has never been written down eventhough it can be obtained straightforwardly from the covariant LAD equation (2) .
If one furthermore associates a mass to such momentum, M 2 = P 2 mech , this mass is not constant but decreases with acceleration. Worse, for intense acceleration satisfying |z| > c, the mass is imaginary and the charged particle is thus a tachyon [30] .
Second, much more problematic, the acceleration momentum and thus Schott's mechanical momentum are not conserved. To see this let us consider a simple example with non relativistic motion (see Fig.1 ). Let a charge evolve in the laboratory inertial frame with constant velocity v 1 for times t < t 1 before being uniformly accelerated between t 1 and t 2 . According to Larmor's interpretation, the mechanical energy of the charge goes from E mech (t < t 1 ) = mv 2 1 /2 to E mech (t 1 ) = mv 2 1 /2 − m a.v 1 , without any compensation for the decreased energy. One has a clear violation of energy conservation. The acceleration energy (m a.v) decreases linearly for t 1 < t < t 2 and is supposed to account for the sum of the energy that is being radiated through,
At the instant t 2 the mechanical energy attains E mech (t 2 ) = mv 2 2 /2 − m a.v 2 , when the external force is switched off. The next instant the acceleration term vanishes and thus the mechanical energy jumps to E mech (t > t 2 ) = mv 2 2 /2 here again without a compensating source for the increased energy. This is the second violation of energy conservation. Note finally that analysing the space component of Schott's mechanical momentum leads to the same jumps at t 1 and t 2 and thus to momentum conservation violation.
FIG. 1. The continuous red line represents the uniform force/acceleration. The dotted line stands for the total energy radiated which reads from integrating Larmor's formula up to the instant t. Finally the dashed line represents the Schott acceleration energy which is supposed to be the source of the radiated energy. However, the jumps of the Schott energy at the instants t1 and t2 violate energy conservation.
Bound field. To avoid the radical change in the mechanical momentum definition the Schott term is more commonly considered as a third ingredient of the radiating charge system. The two others being the charge itself and the radiated wave. More explicitly, the Schott energy is thought as being related to the so-called near or bound field [31] . Teitelboim was the first to give explicit relations [32] . He considered a charge interacting with its own electromagnetic field and split the Faraday tensor into velocity (I) and acceleration (II) parts 
The corresponding momentum vectors are then computed using Dirac's method (which introduces an infinitesimal expansion time parameter δt),
The first term ofṖ 
The equation of motion reads,
, and is the same as equation (7) and thus (2) as well. Although the interpretation and terminology are different, the above expression (9) is exactly equal to Schott's mechanical momentum (6) and hence the same problems (indefinite and non conserved) hold for Teitelboim's momentum.
In addition, the non relativistic limit is problematic since the propagating termṖ µ II vanishes and there is therefore no radiation at all. Finally, Teitelboim's calculations are based on the asymptotic condition, lim time→±∞ (motion) = unif orm motion, which is restrictive and prevents considering the hyperbolic motion, for example. This obscures even more the bound field interpretation since it was precisely meant to fix the energy balance paradox emerging for uniform acceleration. 4 Note that attaching the interference term T Final remarks. This work reveals a new ambiguity in the LAD equation. Beyond known pathologies and ambiguities, we exhibit that there is a systematic energy balance discrepancy in the LAD equation. Moreover we show that the widely accepted treatment based on the bound field technique cannot fix this discrepancy even for uniform acceleration. The underlying reason is that the momentum defined by Schott and later by Teitelboim is not a legitimate four-momentum for being indefinite and non-conserved.
Note that using the Landau-Lifschitz equation in place of (2) leads to the same ambiguity [33] [34] [35] . Known quantum models built to fix the radiating charge motion lead to the LAD equation in the classical limit and thus face the same problems [36, 37] . Moreover, beyond electromagnetic radiation, the same energy balance discrepancy appears in gravity where the same technique of the near field is used to fix it [38, 39] .
Actually, Larmor has derived a formula for the radiated energy and momentum (as used in equation (7)) and not only for the energy, e.g. formula (1) . The formula for the radiated four-momentum reads [40] ,
The radiated energy (1) corresponds toĖ rad = cṖ 0 rad . Considering the full radiated momentum it becomes more evident that the Larmor term in the radiation force should be the only source of the radiated momentum. The Schott term should hence be discarded when relating the radiation force and the radiation power. However, as we discussed, the arguments of Schott, Dirac, Teitelboim and others are not valid and do not allow to justify what seems astonishingly evident.
We would like to stress in what remains that extracting the dissipated energy from the equation of motion seems problematic for any possible Lorentz covariant dissipative equation of motion. Indeed, the dissipated (linear) momentum should be of the forṁ
